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Degeneracies in 2D systems are classified into two categories according to the dispersions in the vicinity, quadratic degeneracy points and linear degeneracy points (Dirac points), as shown in Fig. 1 . The two kinds of degeneracies are topologically different according to their Berry phases, which is an extra phase the wave function acquires over a cycle evolution of Bloch states. Berry phases of the quadratic degeneracy points are trivial (0 or 2π ), while those of the Dirac points are nontrivial (π ) [23] [24] [25] . The trivial Berry phase around the quadratic degeneracy makes the allowed charges of the corresponding vortex polarization singularities the same as the nondegenerate cases, which have integer charges (the schematic view shown in the left panel of Fig. 1 ). On the contrary, the nontrivial Berry flux at the Dirac point allows the existence of half-integer vortices. With a closed loop around the Dirac point, the wave function of the Bloch mode would gain a π geometric phase. Thus, the main axis of the polarization state would only need to turn (2n + 1)π in the direction to return to itself after tracing the loop, resulting in half-integer vortices [19] . See the right panel of Fig. 1 for a lowest-order (−1/2) example. As is complementary, accidental Dirac points previously studied [26] [27] [28] are usually composed of a topologically trivial quadratic degeneracy and a topologically trivial singlet, indicating that the polarization singularities at the accidental degeneracies have no difference from the composing modes. Results on the accidental case are shown in the Supplemental Material (SM) [29] . Note that the systems we study in this Rapid Communication all have C 2 symmetry, which makes the polarization states in our systems almost linear [30] . There would also be pure linear polarization states at specific positions in the BZ guaranteed by the mirror symmetry of the systems. For convenience, we will only plot the major axis (polarization azimuths) of the polarization states here. The information on the ellipticity of the polarization states is included in the SM [29] .
In order to study such on-band vortex singularities and to seek the link between half and integer ones at the degeneracies, a plasmonic crystal is applied. It is a periodically corrugated poly(methyl methacrylate) (PMMA) layer on a flat silver substrate [31] . Due to the periodic perturbation induced by the air hole arrays, the propagating surface plasmon polaritons (SPPs) could be excited with a plane wave, forming welldefined band structures. If the system has specific symmetries (C 4v or C 6v ), a pair of bands can be degenerate quadratically at a high-symmetry point, such as the center ( point) of the first BZ. This quadratic degeneracy can be further regarded as a pair of linear degeneracies continuable to the Dirac points, which can be obtained by symmetry breaking [32, 33] , as shown in Fig. 1 . Here, we took this method to observe the evolution from a quadratic degeneracy point splitting into a pair of linear degeneracy points. The corresponding integer vortex splitting into pairs of half vortices is also shown. The sum of those half vortices after symmetry breaking equals that of integer vortices, approving the law of charge conservation.
The band structures along the -M direction and the corresponding polarization azimuths of both kinds of degeneracies are calculated by using a finite-element method (COMSOL MULTIPHYSICS), as shown in Fig. 2 . The structures studied are illustrated in Fig. 2(a) . The silver substrates are 200 nm thick, ensuring that there is no light transmitted. The thickness of PMMA is 80 nm, and the period (a) of square arrays of rectangular air holes is 600 nm. The length-width ratio l/w (l, w are the length and width of a rectangle hole, respectively, and the direction of l is along the diagonal lines of the square lattice) of air holes equals 1 and 1.48, respectively, in the left and right panels of Fig. 2 . In the left panel of Fig. 2(a) , when l/w = 1, the upper and lower bands are quadratically degenerate at the point, which is protected by C 4v symmetry. The corresponding polarization azimuths calculated from far-field radiation in a small region of the first BZ near the point are shown in the left panel of Fig. 2(b) for both bands. Tracing counterclockwise loops around the point, we are able to see that the azimuths on both bands have a −2π change, which means that the vortex singularities at the point are both of −1 charges. When the length of the rectangle hole is increased to l/w = 1.48 (all other parameters fixed) in the right panel, the symmetry reduces to C 2v . Consequently, the quadratic degeneracy protected by C 4v splits into a pair of Dirac cones along the -M direction which has C 1v symmetry. From the calculated polarization distributions shown below, it is found that the vortex singularity of −1 disappears at the point and a pair of vortex singularities appear along -M corresponding to the Dirac points. The polarization azimuth is parallel to itself after a closed loop around one Dirac point with a winding angle −π , showing that the vortex singularities at the Dirac points are half ones. The same results are also observed in the case of reducing the C 6v symmetry of the hexagonal lattice, shown in the SM [29] . In general, this phenomenon proved that the topological behavior in polarization fields defined on the bands is closely linked to the symmetry. To experimentally verify the above discussions, we fabricated a series of samples with different l/w using electron beam lithography. A 200-nm-thick silver substrate layer is coated onto a slide by thermal evaporation, which is thick enough to block any light transmission. Then, a PMMA layer is spin coated onto the substrate. Using electron beam lithography, the designed hole arrays are then etched on the PMMA layer. The scanning electron microscopy (SEM) images of the samples with different ratios l/w are shown in the left panel of Figs. 3(b)-3(d) . Subsequently, we measured the angle (k)-resolved extinction spectra (one minus reflectivity) of the samples as a function of frequencies and wave vectors, applying our home-made momentum-space imaging spectroscopy based on optical Fourier transformation. The instrumental setup is illustrated in Fig. 3(a) , while the working principle is detailed in a previous work [17] . Since the system has no transmission, Fano resonance and Fabry-Pérot features in the spectrum disturbing the observation in the previous works [15, 18] will be prevented, and the extinction (or absorption) will directly reflect the far-field polarization property of the eigenmodes [17] . As shown in the right panel of Figs. 3(b)-3(d) , the band structures along the -M direction can be obtained from the peaks of the extinction spectra. When l/w = 1, the quadratic degeneracy at the point is protected by the C 4v symmetry of the structure and thus there is only one peak of the extinction spectra in the wavelength range of interest; see Fig. 3(b) . When l/w = 1, the C 4v symmetry of the structures is broken to C 2v . At the k = 0 point, there are two extinction maxima instead of one maximum in the C 4v case. Meanwhile, we can find two linear dispersion emerge along -M, i.e., Dirac points, as shown in Figs. 3(c) and 3(d). When l/w = 1.33, the Dirac points whose wavelength is 706 nm appear at the wave vector k = ±0.023 × 2π/a along -M. As l/w becomes larger (l/w = 1.48), the Dirac points will move outwards along -M and appear at k = ±0.027 × 2π/a, with the wavelength 702 nm. The experimental results along the -M direction agree well with theoretical ones (Fig. 2) . The experimental data along other directions are provided in the SM [29] .
For a direct observation on the vortex singularities at the band degeneracies, we measured the polarization-resolved isofrequency contours as a map of extinction and summed them with a range of wavelengths [17] . The summed polarization-resolved isofrequency contour spans a spectral range and can show the topological property of the band from a polarization point of view. In addition, the individual isofrequency contours at single frequencies are shown in the SM [29] . In Fig. 4 , we plotted the summed isofrequency contours of the lower bands of the C 4v -symmetric structure (l/w = 1) and C 2v -symmetric structure (l/w = 1.48), as shown in Figs. 4(a) and 4(b) , respectively. The center one is measured under unpolarized illumination, while the ones outside are polarization resolved. Polarization-resolved extinction of the plasmonic crystal is directly related to the polarization states of the eigenmodes [17] , thus our system is a powerful platform studying the polarization field in the momentum space. With C 2 symmetry, the polarization states of Bloch states in our system are nearly linear, as we mentioned [30] . Thus, when the far-field polarization azimuths of certain states are perpendicular to the polarizer, the signal at such points will almost diminish in the polarization-resolved plots, appearing as dark areas.
Hence, these vortex singularities can be viewed as rotating dark patterns along with the polarizer in summed isofrequency contours, which gives a vivid picture of winding polarization azimuths. The shape, spinning speed, and spinning direction of such patterns directly reveal the sign and magnitude of the charges carried by the vortices. For the C 4v -symmetric structure, we can see that there is one dark strip spinning around the point. The strip rotates π clockwise when the polarizer rotates π counterclockwise, indicating the charge of the degeneracy point is −1. Note that the state at the degeneracy point is always excited under arbitrary incident polarization, rather than a BIC, thus making the vortex center always bright and the dark strip appearing disconnected. Such a singular polarization state resulting from the superposition of two polarization singularities at the quadratic degeneracy would be applicable in freely controlling the emitted polarization.
As for the C 2v -symmetric structure, there are two spinning dark radials rather than one strip in the C 4v case. The state at the point can be either excited or not under different polarizations, which is distinguished from the degenerate state of C 4v symmetry. On the other hand, the vortex centers at the Dirac points are always excited rather than forming bound states in the continuum. The radials in C 2v system rotate 2π clockwise when the polarizer rotates π counterclockwise, showing the charges here are both −1/2. Two animations showing those spinning patterns are present in the SM [29] . For an intuitive understanding, we give a schematic view of the spinning dark patterns for the half vortices; see the SM [29] . The distributions of polarization azimuths forming vortices are obtained and plotted in the central figure, and vortex centers are shown. The results agree well with our theory. Evidently when symmetry of the structure is changed from C 4v to C 2v , the −1 charge at the quadratic degeneracy point splits into two −1/2 charges at the linear degeneracy points, approving charge conservation. The phenomenon is linked to the separation of polarization singularities when symmetry is broken [8] .
In summary, we showed theoretically and experimentally the existence of integer vortex singularities at quadratic band degeneracies and half ones at Dirac points in the momentum space of the plasmonic structures. Via controlling the symmetry of the structure, the evolution from one quadratic degeneracy point to a pair of linear degeneracy points is clearly exhibited with the integer vortex singularities splitting into the half ones, which is consistent with charge conservation. These unique vortex singularities at the band degeneracies enrich the various topological phenomena in photonics, establishing a link between topological properties and polarization singularities [34] [35] [36] [37] [38] [39] [40] [41] [42] . They can accessibly enable half vector-vortex beams [43, 44] or even lasers [21, [45] [46] [47] . These findings also show great potential in polarization manipulation with photonic/plasmonic crystals by polarization. In the meantime, our plasmonic crystal structure will be a powerful platform to study the polarization feature in photonic band structures.
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First of all, we calculated the ellipticity (the third Stokes parameter, S 3 ) map of the lower band in our C 2v system. The maximum ellipticity in our system is approximately ±0.14. Due to the fact that our system possesses C 2 symmetry, the polarization states are nearly linear, as shown in Figure S1 . In Figure S2 , we show an alternative method to break the C 4v symmetry of the system into C 2v . Instead of stretching the shape of holes, we squeeze the lattice in the diagonal direction. One diagonal is unchanged, and the other is shortened. The angle between the unchanged diagonal and the side is reduced from 45
• to 41
• . The simulated band structure and the corresponding polarization maps are shown.
In Figure S3 , we discuss the band degeneracies in the plasmonic structures of hexagonal lattice. The quadratic degeneracies are obtained at Γ point protected by C 6v -symmetry, and Dirac degeneracies are obtained around Γ point via breaking the C 6v to C 2v . From the maps of polarization vectors near Γ point, we show that the quadratic degeneracy points at Γ point correspond to topological charges of −2. And when the air holes are stretched along Γ-M, a pair of −1/2 charges appear along this direction, with one −1 charge fixed at Γ point.
Next we come back to the experimental data for the square lattice. In Figure S4 , we plotted the measured three-dimensional band structures to clearly show the evolution from a quadratic degeneracy to a pair of linear/Dirac degeneracies. Figure S5 gives some examples of measured iso-frequency contours under narrow-band illumination with specific wavelengths for both C 4v and C 2v structures. By summing up these contours with a range of wavelengths, we can obtain the maps in Figure 4 of the main text.
To mimic the extinction maps of the experiment, we use some vector-field functions to show the polarization distributions and dark strips when rotating the polarizer, as shown in Figure S6 .
Finally, we supplement our discussion on degeneracies with the accidental case. Here we take similar structures as in our main text. Choosing the holes to be square, the structures here have C 4v symmetry. The period is chosen to be 600 nm, and we tuned the widths of the squares from 395 nm to 406 nm, and then 415 nm. The gap between TM2 and TM3/TM4 would gradually close when the side length increases. When the side length becomes 406 nm, the three bands accidentally degenerate, and the degeneracy point turns out to be a Dirac point. Then the gap will open again with the increasing length. The corresponding band structures and polarization maps could be found in Figure S7 . We find that the vortex polarization singularities on the three bands remain unchanged. 
